Remarks. Of course, C 1 4 tanh(L((G))=2); so if 3(G) is uniformly perfect, the assumption C > 0 is fullled.
In case is simply connected, L() = 1 by denition, so we have l h jLogj=4:
We further remark that, in general, we cannot estimate the translation length from above by the trace or multiplier. This can be understood by the existence of accidental parabolic transformations.
Proof. We shall prove the theorem under the exactly same normalizations and notation in the previous sentences. If we denote by (z) the distance from z to 3(G); by Now the theorem is proved.
Example
In this concluding section, we present a simple example of (innitely generated) Kleinian groups with non-uniformly perfect limit sets. Looking at the Theorem 3.3, one may guess that it is sucient to construct a Kleinian group whose quotient orbifold has arbitrarily short geodesics which are lifted to non-closed curves in the region of discontinuity. In fact, such an example can be given by innitely generated Schottky groups as Pommerenke indicated in [11] .
Let a j ; b j 2 C be sequences tending to 1; and r j > 0 and j 2 C with j j j = 1 be given so that all closed disks A j = B(a j ; r j ); B j = B(b j ; r j ) are disjoint (j = 1; 2; : : : ):
We set g j (z) = b j 0 j r 2 j z0a j ; then A j and B j are the isometric circles for g j and g 01 j ;
respectively, thus G = hg 1 ; g 2 ; : : : i is an innitely generated Schottky group with a fundamental domain C n [ j (A j [ B j ) (G): Now we setr j = dist(a j ; ( where is the multiplier of h; i.e., tr 2 (h) = + 01 + 2:
Here we mention a work by Tsuji. He proved in [15] that any point of the limit set of a non-elementary Schottky group has a positive capacity density (with a uniform bound). In view of the above theorem, this is a substantial proof of uniform perfectness of it. We also note that Cap(B(a; r)) = r and 2 07 e 0M (G) As an immediate consequence of this, we can see that any non-elementary Kleinian group has the limit set of positive Hausdor dimemsion.
Estimate of translation length
As an application of (5.1), we present here an estimate of the translation length of a loxodromic element of Kleinian group in the region of discontinuity in terms of the trace or multiplier. Before stating our result, we refer to a general result on translation length, which is suggested to the author by K. Matsuzaki. The original idea is due to Bers 
Some consequences
In this section, we shall exhibit several applications of our theorems. We denote by M (G) (M (G) ) the supremum of the moduli of annuli (round annuli, respectively) separating 3(G); where the modulus of an annulus is dened here as the number m when this annulus is conformally equivalent to the round annulus fz 2 C; 1 < jzj < e m g and the round annulus means a bounded annulus with concentric circles as boundary. Further, if 1 2 3(G); then we can dene another constant C (G) by inf z2(G) (z) (G) (z); where (z) denotes the Euclidean distance from z to 3(G):
For these constants, we know the following estimates. Furthermore, Pommerenke has given a remarkable characterization of the uniform perfectness in terms of capacity density. Remark. To guarantee that (G) > 0 it is sucient to assume that sup z2(G) (z) < 1; where (z) denotes the injectivity radius of (G) at z (oral communication with
Prof. Matsuzaki). But, this condition seems to be hard to check.
In the case that G is analytically nite, i.e., X(G) consists of a nite number of Riemann orbifolds of nite type, it is easily veried that L 3 (X(G)) > 0 thus we have the following collorary. For these constants, the next result is fundamental for our present aim. By the relation (2.1), we obtain that 0 = L() and e 0 = L(X) and the similar relations for 3 and L 3 hold, hence the above theorem is equivalent to the following respectively. The spaces A 2 (X) and B 2 (X) are canonically isomorphic to the spaces A 2 (H; 0 ) and B 2 (H; 0 ) of integrable and bounded holomorphic automorphic forms of weight 04 on H for 0; respectively.
And we set (X) = supfk'k 1 ; ' 2 A 2 (X) with k'k 1g: For these spaces, the In fact, it follows that ( X) (X) 3( X) (see [13] ). In this article, we will say that X is of Lehner type if L 3 (X) > 0: Generally, for (possibly disconnected) 1-dimensional complex orbifold X; we dene L(X) = inf L(X 0 ) and L 3 (X) = inf L 3 (X 0 ); where the inma are taken over all connected components X 0 of X; and we say that X is modulated or of Lehner type if L(X) > 0 or L 3 (X) > 0; respectively.
A closed set C in the Riemann sphere We call X is modulated if L(X) > 0: We note here that if X is a Riemann surface R; the constant L(R) is nothing but 2I R ; where I R is the injectivity radius of R; so we may say that R is of bounded geometry if L(R) > 0 (see [14] ).
Let A 2 (X) and B 2 (X) be the complex Banach spaces consisting of holomorphic quadratic dierentials ' on X with norms In this note, we shall consider the uniform perfectness of the limit sets of Kleinian groups. As soon as the proof of uniform perfectness of the limit sets of Schottky groups appeared in [2], this result was generalized to the case of nitely generated non- In this note, we will present a more general condition for the uniform perfectness of the limit set (Theorem 3.3 or Corollary 3.5). Our method also provides a bound for uniform perfectness by some geometric quantity. In practice, it is important to know an explicit bound because the uniform perfectness connects with various quantity relating to the geometry of the quotient surface (cf. Sugawa [14] ). Indeed, we shall give some applications in Sections 5 and 6. In Section 5, we state results relating to the regularity in the sense of Dirichlet and the Hausdor dimension of the limit sets. Section 6 is devoted to an estimate of translation length by the trace (or the multiplier) of a loxodromic element of a Kleinian group. We shall conclude this note by giving an example of those Kleinian groups whose limit sets are not uniformly perfect. 
Riemann orbifolds

